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We study the Higgs branches of the superconformal points of four- dimensional M=2 super 
Yang-Mills (SYM) which appear due to the occurrence of mutually local monopoles having 
appropriate charges. We show, for example, that the maximal superconformal point of 
SU(2n) SYM has a Higgs branch of the form C 2 /Z n . These Higgs branches are intrinsic to 
the superconformal field theory (SCFT) at the superconformal point, but do not appear in 
the SYM theory in which it is embedded. This is because the embedding is a UV extension of 
the SCFT in which some global symmetry acting on the Higgs branch is gauged irrelevantly. 
Higgs branches deduced from earlier direct studies of these isolated SCFTs using BPS wall- 
crossing or 3-d mirror symmetry agree with the ones we find here using just the Seiberg- 
Witten data for the SYM theories. 



1 Introduction and Summary 



On the Coulomb branch of a four-dimensional M=2 supersymmetric gauge theory, there 
are often points where electric and magnetic particles become simultaneously massless. The 
infrared limit of the theory at those points then becomes a superconformal theory, possibly 
with additional decoupled sectors [U |2j |3j HJ E]- It is often the case that starting from 
different ultraviolet gauge theories, we end up with the same superconformal theory in 
the infrared limit. For example, the equivalence of the superconformal point of the SU(3) 
SYM theory and the superconformal point of the SU(2) theory with one flavor was already 
noted in [2]. Additional examples of such equivalences were noted recently in [61 [7J In 
particular, in [7] it was pointed out that the maximal superconformal point of the SO(2n) 
SYM theory is equivalent to the maximal superconformal point of the SU(n — 1) theory 
with two flavors: their Seiberg-Witten curves and differentials are identical. 

This equivalence presents a puzzle: the SU(n — 1) theory with two flavors has a Higgs 
branch of the form C 2 /Z 2 which is rooted at the superconformal point [9], while the SO(2n) 
SYM has no Higgs branch at all. Thus the maximal superconformal point of SO(2n) SYM 
theory should have a nontrivial Higgs branch, although the original theory in the ultraviolet 
does not have any hyper mult iplets at all. 

The aim of this short note is to explain how a nontrivial "quantum" Higgs branch can 
appear in the pure Yang-Mills gauge theory. We will summarize the mechanism by which a 
quantum Higgs branch can appear immediately below; detailed examples are discussed in 
later sections. 

Consider, then, an M=2 SYM theory with a simply-laced gauge group G of rank r. In 
the ultraviolet, we have Coulomb branch operators of the form Ui = tr$ d % where rfi,..., r are 
the degrees of the independent adjoint invariants of G, constructed from the scalar $ in 
the vector multiplet. At its superconformal point, suitable redefinitions of Ui have scaling 
dimensions A(-Uj) = tijih + 2) [4j. We distinguish three cases: 

• A(?ij) > 1. Denote them by Vi — Ui, i — 1, . . . , r^. 

• A(?ij) < 1. Denote them by Cj = « r -i, i = 1, . . . , r , so that A(cj) + A(t>j) = 2. 

• A(-Uj) = 1. Denote them by m a , a = 1, ...,/ = r — 2tq. 

As discussed in [2], the superconformal point has r operators [/, with vevs Vi = (Ui) 
parameterizing the Coulomb branch of the IR SCFT. The Cj are parameters for the relevant 
deformations 




(1.1) 
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where the integral is over the chiral M=2 superspace. The remaining / U(l) multiplets on 
the Coulomb branch of the UV theory we denote by M a , with vevs m a = (M a ). In the 
IR since they have scaling dimension one at the superconformal point, they must decouple 
from the SCFT. Their vevs are mass parameters in the SCFT which explicitly break the 
rank-/ global flavor symmetry of the SCFT to its U(l)-' subgroup. 

At the superconformal point, there are mutually non-local massless BPS states. Among 
them there may be h mutually local hypermultiplets, which are related to monopoles in the 
weakly-coupled regime. If it happens that h > tq, then they can give rise to a nontrivial 
Higgs branch H. In these cases, it turns out that the Higgs branch "H has flavor symmetries, 
to which the U(l) multiplets M a couple. Therefore, there are (A/"=2)-invariant couplings 
given by an Af=l superpotential term 

j d 2 6M a (QQ) a , (1.2) 

where (QQ) a schematically stands for the moment map for the a-th U(l) flavor symmetry. 
When the multiplets M a are dynamical — i.e., when the SCFT is embedded as an IR fixed 
point in the UV SYM theory — this translates to the potential on the space H given by 

V = (g 2 )ab(QQ) ai (QQ) bi + terms proportional to M a M b (1.3) 

where i is the index for the SU(2)r triplet, and (g 2 ) a b is the matrix of coupling constants 
of the U(l) multiplets M a . This potential term lifts the Higgs branch when g 2 is nonzero. 
Therefore, we have the space % as the true Higgs branch only in the strict infrared limit 
where the U(l) multiplets M a are completely decoupled. 

The Q parameters (11. ip enter the superconformal fixed point theory in the same way as 
do vevs of vectormultiplet fields. In fact, in the examples under discussion here where the 
UV theory is M=2 SYM in which all the elementary fields are in vector multiplets, the c$ 
are literally vector multiplet vevs. Then a standard non-renormalization theorem [9] implies 
that any Higgs branch which exists for non- vanishing c, will be independent of the Cj, and so 
will persist for any and all values of the q. Indeed, below we will demonstrate the existence 
of Higgs branches by deforming away from the superconformal point by turning on generic 

It is less clear whether, in principle, there could be an additional component of the Higgs 
branch which occurs at the superconformal point only when the q = 0. If the standard 
coupling ( jl.2p were the only coupling preserving M=2 supersymmetry at the superconformal 
point, then the potential could not depend on any parameters other than the m a and the 
Higgs branch at the superconformal point should persist even when we turn on the couplings 
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Cj. But it is unclear to us how to show that (11. 2p is the only allowed coupling between a 
(non-Lagrangian) SCFT and U(l) multiplets. 

In the rest of the paper, we study individual SYM theories in detail. In section |2} we 
study the Seiberg-Witten curves of SU(n + 1) and SO(2n) SYM, and deduce the spectrum 
of mutually-local monopoles at the superconformal points. We will find that 

• the superconformal point of SU(2&;) SYM has the Higgs branch C 2 /Zfc; 

• the superconformal point of SU(2fc + 1) SYM doesn't have any Higgs branch; 

• the superconformal point of SO(4fc + 2) SYM has the Higgs branch C 2 /Z 2 ; and 

• the superconformal point of SO(4/c) SYM has a two-dimensional Higgs branch, which 
generically has SU(2) x U(l) flavor symmetry, which enhances to SU(3) only when 
k = 2. 

In section [31 we study the SO(2n) SYM further. Namely, we determine the one-loop 
beta function of the gauge coupling of the U(l) vector multiplet M, which decouples at the 
superconformal point, directly from the Seiberg-Witten curve. The beta function should 
give the central charge of the SU(2) flavor symmetry of the superconformal point. We will 
see that the central charge computed in this way indeed agrees with the one of the maximal 
superconformal point of the SU(n — 1) theory with two flavors in [5]. 

In section HI we compare our findings with the properties of isolated SCFTs observed in 
works on the BPS spectra [SI [TQj, [TT] and 3d mirror symmetry [12] . These allow two indepen- 
dent determinations of Higgs branches associated with large classes of isolated SCFTs. For 
the SCFTs studied here, we find they agree with each other and with the Higgs branches we 
compute. In addition, we will see that the BPS quiver method [SI Ell EEE] predicts that the 
superconformal point of the Ej theory will have a one-dimensional Higgs branch, but that 
those for Eq and Eg are empty. We have not tried to verify this using the Seiberg-Witten 
curves for the maximal superconformal points of the E n SYM theories. 

One limitation of our method, mentioned above, is that it only determines those Higgs 
branches which persist under deformations of the SCFT by the q parameters, but fails to 
rule in or out an additional Higgs branch component at q = 0. This limitation is shared 
by the BPS quiver method. Indeed, our computations in the next section are a pedestrian 
approach to obtaining BPS spectra and should be subsumed by the more powerful machinery 
of the BPS quiver method. The 3d mirror symmetry method, on the other hand, seems to 
be sensitive to data beyond the BPS spectrum. In particular, for our examples it predicts 
no additional component of the Higgs branch at q = 0. 
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2 Higgs branches from Seiberg-Witten curves 



In this section, we consider the Higgs branches of the maximally conformal points of M = 2 
SU(n + 1) and S0(2n) SYM theories, which we call, respectively, the A n and D n theories. 
By analyzing the Seiberg-Witten curve, we explicitly show that a Higgs branch does exists 
exactly at these points, but disappears (is lifted) in the total SU and SO SYM theories. We 
note that the BPS spectrum of the A n super conformal points had already been studied in 
[T3] in a similar manner; see also a recent work |14j . 

2.1 A n theory 

First of all, we consider M = 2 SU(n + 1) SYM theory. The Seiberg-Witten curve is [T5l[T6] 

y 2 = P n+ i(xf - A 2 (" +1 \ (2.1) 

where 

P n+l (x) = x n+1 + u 2 x n - 1 + ... + u n x + u n+l , (2.2) 

and Ui are the Coulomb moduli parameters and A is the dynamical scale. The Seiberg- 
Witten differential is given by 

A S w = x P'n+i — 5 (2-3) 

y 

where P' is the derivative with respect to x. 

When n > 2, at a special locus of the Coulomb branch, mutually nonlocal massless par- 
ticles could appear, which implies the superconformal invariance of the theory [TJ. In terms 
of the Seiberg-Witten curve this occurs at a point where the curve strongly degenerates. 
The maximally degenerate point of the above curve (TJ [3] is at = A n+1 5^ n+ i, where the 
curve is 

y 2 ~ x n+1 (x n+1 + 2A n+1 ) . (2.4) 

This indicates that n + 1 branch points collide at x = and the other n+1 points are 
at x ~ O(A). The relevant deformations from this point, after taking the decoupling limit 
A — > oo and scaling to the region near x = 0, is described by 

y 2 = x «+ 1 + M2a; ™- 1 + ... +Mn+1 , (2.5) 
with the Seiberg-Witten differential 

A sw ~ ydx } (2.6) 
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where we have redefined u n+ \ — > A n+1 + u n+ \. The n + 1 branch points at x ~ 0(A) of 
(12. 4p are effectively sent to x = oo by this procedure. 

Note that the differential has a pole at x = oo of degree (n + 5)/2 if n is odd, which 
originates from the decoupled cuts. Related to this fact, the properties of the A n theories 
are different depending on whether n is even or odd. Thus, in the following, we consider 
them separately and show that when n = 2k — 1 the Higgs branch is C 2 /Zfc, while there is 
no Higgs branch when n = 2k. 

2.1.1 A 2 k-i theory 

Let us first consider the n = 2k — 1 case (k > 1). The curve can be written as 

y 2 = x 2k + c 2 x 2k ~ 2 + ... + c k x k + Cfc+ix^ 1 + v k x k ~ 2 + . . . + v 2 . (2.7) 

The scaling dimensions of the parameters are given, by demanding the dimension of the 
Seiberg-Witten differential is one, as 

A(c i ) = -^-, A(v l ) = 2{n + *: i \ A(c fc+1 ) = l, (2.8) 
n + 3 n + 3 

for i = 2, . . . , k. Due to the fact that A(v i) + A(q) = 2 and A(f j) > 1, we can interpret Vi 
and Cj as the vevs of the relevant operators and their corresponding couplings as in f ll.ip . 
respectively. The Coulomb branch is A; — 1 dimensional, which is equal to the genus of the 
curve (12 .7p . Also, the dimension-one parameter c k +i is related to the mass parameter of a 
U(l) flavor symmetry. Indeed, the residue at the Seiberg-Witten differential is \ck+i + /(q), 
where /(q) is a polynomial in the Cj with i < k and homogeneous of scaling dimension one. 

In order to see the Higgs branch, let us set this residue to zero. Then, for any given 
values of the q parameters (i — 2, . . . , k), by appropriately tuning the Coulomb moduli to 
a special point 

Vi = v*( Cj ), (2.9) 

we can obtain the degenerate curve 

y 2 = Q k {xf, (2.10) 

where Qk{x) is a polynomial of degree k. For generic (non- vanishing) q, Qk{x) will itself be 
non-degenerate. Let Xi (i — 1, . . . , k) be the distinct roots of this polynomial. Denote by Ai 
the k degenerating cycles each of which encircles a single x«. Only k — 1 of these, say Ai for 
i — 1, . . . ,k — 1, are independent homology cycles. We take these k — 1 A-cycles to define 
a basis for the (mutually local) charge lattice of the low energy ?7(l) fc_1 gauge symmetry. 
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Figure 1: Branch points X{ ± h\/6, denoted by filled blobs, and cycles Ai, Bi of the A 2 k-i 
theory; k = 4 in the picture. The dotted arrows show the movements of the branch points 
under 5 — > e 2m 5. 

Any integer linear combination of the Ai cycles is a vanishing cycle of the degenerate 
curve (I2.10p . To determine for which of these (infinitely many) cycles there exists a BPS 
state in the spectrum, it is sufficient to determine the monodromy of a basis of homology 
cycles as one encircles v* on the Coulomb branch. This is because we are working at a 
generic Cj where all the vanishing cycles of the degenerate curve (I2.10p are mutually local, 
and there is a standard relation pQ between these monodromies and charges of mutually 
local massless BPS states. 

Consider a small deformation from v* which deforms (12.101) to 

y 2 = Q k (x) 2 + 6. (2.11) 

The branch points now are at Xi ±bi\/6, where bi are constants and we have ignored higher- 
order terms in 5. Let Bi (i = 1, . . . , k — 1) be the cycles which go through Xi to Xi + ± 
crossing the two cuts, as depicted in figure [TJ Let also the corresponding Ai and Bi periods 
be cij and respectively. By the monodromy transformation 5 — > e 27 ™5, we can check 
that am — )■ am + ai — Oj+i. Thus, the charges of the massless particles qi in a particular 
normalization of the charge lattice are obtained as in table [TJ Here qi is an M = 1 chiral 
superfield (or its scalar component) and the BPS state is in an M = 2 hypermultiplet 
consisting of qi and q\, where <ji is another N = 1 chiral superfield with the opposite gauge 
charges to g«. (The charges of the qi are not shown in table [TJ) 

We can now see that the Higgs branch is C 2 /Zfc [17]. Let us quickly recall how this works. 
Holomorphic gauge invariant operators are constructed as Mi = q^, N = q^q^qi • • • , and 
N = q^QzQA " " " > which satisfy the constraint Yli=i ^ = NN. The F-term equations 
further give the constraints Mj + M i+1 = for % — 1, . . . , k — 1. Therefore, the independent 
invariants are reduced only to (Mi, N, N) G C 3 with the constraint 

(-l)[ fc /*]Mf = NN, (2.12) 
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Table 1: U(l) charges of massless BPS particles of the A 2 k-i theory. 

where [s] is the integer part of s. This is the orbifold singularity C 2 /Z^. Thus, we have 
found a C 2 /Zfc Higgs branch at the special point of the Coulomb branch for arbitrary values 
of Cj. Note that when k = 2 the orbifold C 2 //L 2 has an SU(2) isometry. Thus, the flavor 
symmetry is enhanced from U(l) to SU(2) in this case. 

This Higgs branch does not exist if we go back to the original SU(2fc) description. In 
particular, the U(l) flavor symmetry of the A 2 k-i theory is gauged, which can be seen from 
the fact that the residue at x = oo comes from decoupled cuts. In the case of k = 2 the 
U(l) subgroup of SU(2) is gauged. Indeed, we can check that the gauge charges of q\ and 
q 2 with respect to this gauged U(l) are 1 and —1 respectively. 

2.1.2 A 2k theory 

Let us next see that no Higgs branch exists in the n = 2k case. The Seiberg-Witten curve 
is 

y 2 = x 2k+l + C2X 2k-l + _ + Ck+iX k + Vk+lX k~l + . . . + „ 2j (2.13) 

and the Seiberg-Witten differential is Asw = ydx. Note that there is no residue at x = oo 
in this case. The scaling dimensions of the parameters are given as (12. 8ft for i — 2, . . . , k + 1 
without any dimension-one parameter. The Coulomb branch is k- dimensional. 

We see that there is a locus in the Coulomb branch where k mutually local cycles 
degenerate to points at generic q. At this point, the curve is written as 

y 2 = (x-x )Q k (x) 2 , (2.14) 

where Qk{x) is a polynomial of degree k and xq is a constant. A similar argument to the 
one in the n = Ik — 1 case shows that the charge assignment of massless BPS particles 
at this locus to be as in table EJ 

A basis of holomorphic gauge invariant operators are Mj = g^, N, and iV as before. 
But the F-term equations give Mj = 0, meaning that there is no Higgs branch. 
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Table 2: U(l) charges of massless BPS particles of the A 2 k theory 



2.2 D n theory 

Our second example is the D n theory, which is the maximally conformal point of SO(2n) 
SYM theory. We will show that this theory has SU(2) flavor symmetry in the case of odd 
n with C 2 /Z 2 Higgs branch, and SU(2)xU(l) (SU(3) for n = 4) in the case of even n. For 
n even the Higgs branch has (quaternionic) dimension two (or real dimension eight). 
The Seiberg-Witten curve of SO(2n) SYM theory is [HI 13 [20] 

y 2 = xP n (x) 2 - A 4(n_1) x 3 , (2.15) 

where 

n-1 

P n {x) =x n + Y, ^x n ~ l + s* n , (2.16) 
i=i 

and the Seiberg-Witten differential is 

Asw = {P n -xP' n )™. (2.17) 

y 

The branch points are at the 2n + 1 roots of the right hand side of ( 12.151) and at x = oo. 
The curve is of genus n. 

The maximal degeneration of the curve occurs at s 2i = A 2(n " 1) 5 iin _i and s n = [3], at 
which point the curve has the form 

y 2 ~ (x n + 2A 2(n - 1} x) x n+1 . (2.18) 

Thus, n + 2 branch points collapse to x ~ and the other n — 1 branch points are at 
x ~ 0(A 2 ). It is convenient to redefine s 2 ( n -i) — > A 2 ^ 1 ^ + s 2 ( n -i), so {s 2 j, s n } now measure 
the deviation from the singular point. Then, by taking a decoupling limit A — > oo and 
scaling to the maximal singular point on the Coulomb branch, we get the curve of the D n 
maximal super conformal theory. Since this decoupling plus scaling procedure is less straight 
forward than in the A n case, we now give a few details. 
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Keeping only terms which control the leading positions of the zeros of y 2 near x = as 
all Sj, s n — > 0, gives 

y 2 = 2x 2 P n + xst (2.19) 

where P n is still given by (12. 16[) even though we have shifted the definition of S2(n-i)- This 
is equivalent to taking the A — > oo decoupling limit. Note that at this stage the xs^ term 
is kept even though it will later turn out to scale to zero much faster than the x 2 s^ term 
because it nevertheless controls the position of one of the roots of y 2 . Note also that (I2.19p 
describes a genus [{n + l)/2] curve. 

Now demand a scaling symmetry to x = y — S2j = — in the curve. There is only 
one consistent scaling^] with A (a;) = (2/n)A(s n ) = (l/j)A(s 2 j), which makes the xs 4 ^ term 
in (I2.19p irrelevant. The curve then becomes y 2 = 2x 2 P n , which is singular at x = where 
one handle is always pinched, reducing the genus by one to [(n — l)/2]. This can be made 
explicit by defining a new coordinate y = y/x so that the curve becomes 

y 2 = 2P n . (2.20) 

The pinched handle is no longer apparent, but will show up as a pair of poles in the Seiberg- 
Witten differential at x — 0. Replacing y — > xy in (J27TTJ) gives, up to a total derivative, the 
differential 

X sw = -dx (2.21) 

x 

on the part of the curve in the vicinity of the singularity. Demanding that A(Asw) = 1 then 
gives 

A(sjy) = — and A(s n ) = 1. (2.22) 
n 

Asw has a pole at x = with residue ~ which identifies ~s n as a mass parameter. The 
S2j with 2j > n have dimensions greater than one, so are identified with Coulomb branch 
vevs, while those with 2j < n have dimensions less than one, so are relevant couplings like 
the Q in fTLTjl . 

Note that for n even, s n has dimension one, and Asw also has a pole at x = oo with 
residue ~ s' n := s n + f(s2j) where / is a polynomial in the S2j with 2j < n which is 
homogeneous of scaling dimension one. This identifies s' n as a second mass parameter in the 
theory for n even. As in the A n theory, let us consider the odd and even n cases separately. 

lr rhus the possibility of multiple consistent scalings, discussed in 5 a , does not arise in this case. 
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Figure 2: Branch points and cycles of the D 2k +\ theory when m = 0; k = 3 in the picture. 
The dotted arrows show the movements of the branch points under 5 — > e 2m 5. 

2.2.1 D 2k+1 theory 

We first consider the n = 2k + 1 case. The curve (12.211) is (after rescaling y by a/2 and 
renaming the {s 2 j,'sn} parameters) 

y 2 = x 2k+1 + dx 2k + . . . + c k x k+1 + v k x k + . . . + Vxx + m 2 . (2.23) 

As in the A n case, the Vi are the Coulomb moduli and q are the associated deformation 
parameters. Their scaling dimensions (I2.22j) are thus A(q) = (2i/n), A(vi) = 2(n — i)/n, 
and A(m) = 1, for i = 1, . . . , k. Note that this curve is the same as that of (the relevant 
deformation from) the maximal superconformal point of the SU(2/c) theory with two flavors 
[7]. So, it might be natural to expect that the flavor symmetry is SU(2). Let us check this 
here. 

As in the A n theory, we set the mass parameter to zero and choose the special locus 
of Vi = v*(cj) where k non-intersecting cycles degenerate. Note that this locus satisfies 
v* — 0. We can see that at this locus there are k + 1 mutually local massless BPS particles 
by examining a monodromy around the locus in the Coulomb branch. Indeed, by setting 
Vi = v* for arbitrary fixed q, the Seiberg-Witten curve degenerates to 

y 2 = x 2 {x-x k )Q k „ l {x) 2 , (2.24) 

where Q k -i(x) is a degree-(A; — 1) polynomial whose roots we denote as Xi (i — 1, . . . , k — 1) 
and x k is a constant depending on the Cj. A small deformation from this locus (still fixing 
m = 0) is 

y 2 = x (x(x - x k )Q k ^{xf - 5) . (2.25) 

The branch points are at x — 0, 5, x« ± bi\/8 and x k + b k 5 where hi are some constants. Let 
A and Ai (i = 1, . . . , k — 1) be the cycles around x = 0, 5 and x = x\ ± hVS, respectively. 
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Table 3: U(l) charges of massless particles of the D 2 k+\ theory. 



Let also B and Bi (i — 1, . . . , k — 1) be the cycles from to X\ and from Xj to x,- l+ i passing 
through two cuts, respectively; see figure [21 

The monodromy under 5 — > e 2nl 5 is a do — > cldq + 2ao — a±, a^i —> am + a? — Oj+i 
and a,Dfc_i ctDfc-i + flfc-i, while the a« periods stay fixed. Therefore the charges of the 
k + 1 massless BPS particles are assigned as in table [21 Note that the coefficient 2 in 
a do - ► odo + 2cto — • • • signifies the existence of two hypermultiplets with charge 1, because 
in general we have an — >■ a^ + ka where k = ^ s q s 2 where q s are the charges of the 
hypermultiplets charged under the U(l) corresponding to a. 

This charge assignment shows that the Higgs branch is simply C 2 /Z 2 . Indeed, the gauge 
invariant operators constructed from qi are M{ = q^ (i = 1, . . . , k + 1) and iV = q{qi 
and = 9291, with one constraint M\M 2 = NN. The F-term equations set Mj = for 
i = 3, . . . , k + 1 and M x = -M 2 . Thus, M\ + NN = 0, implying C 2 /Z 2 . The flavor 
symmetry is SU(2) under which the BPS particles q\ and q 2 transform as a doublet. 

Next, in order to see how this SU(2) flavor symmetry is broken in the total SO(4A; + 2) 
SYM theory, we analyze the spectrum of light BPS particles with a small mass parameter 
m. While it could be possible to do this for general k, we consider only k = 1 for illustration. 
In this case, the curve is y 2 = x 3 + C\X 2 + V\X + m 2 and its discriminant is 

A = -4 fvf - - ^- Vl + elm 2 + ^rrA . (2.26) 

The roots of the discriminant are v 1 = Wq and w± where 

c 2 2 1 

w = — + — m 2 + 0(m 3 ), w± = ±2Jc[m m 2 + C(m 3 ). (2.27) 

4 ci ci 

The last two roots are related by the sign flip of m. Let us focus on the point v\ = w + where 
the three roots of the right-hand side of the curve are at x ~ 0(m), 0(m) and 0(1). The 
Aq cycle collapses at this value of v\ and this indicates a massless BPS particle with central 
charge — m — a, where a is the period of the cycle along the other cut (from x ~ 0(m) 
to 00). It is easy to see that the point V\ = if_ corresponds to the massless particle with 
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central charge m — a since this is obtained by the sign flip of the above case. (When m = 
these two BPS particles become the doublet of the SU(2) flavor symmetry.) Thus, these 
two BPS particles have charge +1 and —1 under the U(l) subgroup of SU(2). 

As we saw above, the pole of Asw at x = comes from a degenerating cut of the original 
Seiberg-Witten curve (I2.19p or (12.151) . Thus, the U(l) subgroup of SU(2) at the maximally 
conformal point is gauged in the total SO (6) theory. This argument can be applied to the 
general SO(4fc + 2) case (and also to the SO(4/c) case which will be discussed in the next 
subsection): the U(l) subgroup of SU(2) is gauged and there is no Higgs branch. 

2.2.2 D 2k theory 

We now turn to the D 2 k theory. The curve is 

y 2 = x 2k + dx 2 ^ 1 + . . . + c fc _ix fc+1 + c k x k + Wfe-i^ -1 + . . . + v x x + m 2 . (2.28) 

The Seiberg-Witten differential is again Asw = (y/x)dx with m the residue of the pole at 
x = 0. The enhancement of the U(l) flavor symmetry associated to m to an SU(2) flavor 
symmetry follows by repeating the argument in the previous subsection. 

The new feature here is the existence of the additional pole at x = oo. Its residue can 
be written in terms of c k plus a polynomial in the other Ci <k parameters, and has scaling 
dimension one. This means that, up to a shift, c k is a mass parameter with an associated 
U(l) flavor symmetry. Thus the total flavor symmetry of the D 2k super conformal point is 
at least SU(2)xU(l). 

By setting m = 0, we can find the locus of the Coulomb moduli where the Seiberg-Witten 
curve degenerates to 

y 2 = x 2 Q k _ 1 (x) 2 1 (2.29) 

where Qk-i(x) is again a degree-(fc — 1) polynomial. This represents the appearance of k + 1 
mutually local massless particles This can be seen in the same way as in the n = 2k + 1 
case, and their charge assignments are given in table HI 

Note that the flavor symmetry is enhanced to SU(3) in the k = 2 case, that is the -D4 
theory. In this case, the Weyl group of the SU(3) flavor symmetry can be identified with 
the S3 outer automorphism group of the original -D4 = SO (8) theory. In the other theories, 
the flavor symmetry is SU(2) xU(l). The Higgs branch is two- (quaternionic-) dimensional 
(or, 8-real-dimensional). In the total SO(4fc) theory, the U(l) 2 C SU(2) x U(l) (or SU(3)) 
is gauged and there is no Higgs branch. 
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U(l)i 


U(2) 2 . 


• U(l) fc _ 2 


U(l)fc_! 


Qi 


1 











12 


1 













1 


1 



















qk 








1 


1 


Qk+1 











1 



Table 4: U(l) charges of massless particles of the D 2 k theory. 

3 Flavor central charge 

We will consider in this section the central charge of the SU(2) flavor symmetry of the D n 
theory by embedding it into the SO(2n) SYM theory where the U(l) subgroup of the SU(2) 
is gauged and by analyzing the Seiberg-Witten curve. 

Let us suppose that we have a flavor symmetry H. The flavor central charge is defined 
by the OPE of the currents J® as 



j a Jx)4(o) 



3k 



(3.1) 



47T 4 X c 

We normalize the flavor central charge such that n free chiral multiplets give fcu(n) = 1. If 
there is a weakly gauged group G which is a subgroup of the flavor symmetry H, the central 
charge is given by 



k 



GcH 



^-G^ukH 



(3.2) 



where Iq^h is the embedding index, see e.g. [21J. Then, the one-loop beta function of the 
gauge group G is given in terms of the central charge: 

kccH 



b = 2T 2 (adj) 



(3.3) 



where we defined b, 



o 



a 



,, hlQ (87r 2 /g 2 (Q)). When G = U(l) and H = SU(2) which is the case 
we will see below, we have kj 



>-U(l)cSU(2) 

coefficient of the U(l) gauge group is bo = 
constant of the U(l) should be written as 

In A 



-^U(l)^SU(2)^SU(2) 



^su(2)- Thus, the beta function 



«SU(2) 



. In other words, the effective coupling 



^SU(2) 



In A. 



, - (3-4) 

Now let us consider the D n theory which has SU(2)(xU(l)) flavor symmetry (when 
n = 2k). As we discussed in detail in subsection I2.2[ the U(l) subgroup of the SU(2) 
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is gauged in the IR effective theory of the SO(2n) SYM theory where the D n theory is 
embedded. This U(l) gauge symmetry corresponds to the degenerating cut (or the pinched 
handle) in the decoupling limit A — > oo. In order to see this more clearly, let us go back to 
the curve (I2.19P and keep the dynamical scale dependence explicit: 



f ~ x (2A^P n + gj) ~ 2A^x (x + ^fU) ) p n 



Pn- (3.5) 



By scaling x and the parameters appropriately, we get 



y 2 = x(x + JP n , (3.6) 

with the differential Asw = -^sdx, where P n is the RHS of (12 . 23[) for odd n or ("12. 28[) for even 
n. The degenerating cut is from x = to x = — m 2 A _2 ^ n_1 ^ n /2. Denote by A and B the 
cycles encircling this cut and from x = —m 2 A~ 2 ( n ~ 1 ^ n /2 to x = xq going through two cuts, 
as depicted in figure [3j The period integrals in the limit where A — > oo can be evaluated as 
follows: 

Asw = 2nim, 

r m2A " <n " 1)/V2 dx 2(n-l) . . 

Asw ~ / m — ~ mm A. (3.7) 

b J x n 

The coupling constant of the decoupling U(l) is then given by 

f= i<M hA+ (38) 

Airi n 

It follows from this and ( 13. 4 \ that the central charge of the flavor symmetry is 

4(n-l) , . 

fcsu( 2) = 3.9 

n 

which agrees with the result in [5]. 
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Figure 4: BPS quivers of the superconformal points of the A-D-E SYM theories. 

4 Comparisons to other recent results 

The properties of the Higgs branch of the superconformal points of J\f—2 SYM theories can 
also be determined from more modern methods. 

4.1 Using BPS quivers 

In [6], it was stated that the BPS spectrum in a certain chamber on the Coulomb branch of 
the superconformal point of the SYM theory with simply-laced gauge group G is given by a 
BPS quiver of the form of the Dynkin diagram of type G; see figure HI Namely, each node 
stands for a hypermultiplet, and two nodes are connected by n = q 2 )\ arrows, where q\ >2 
are electromagnetic charges of two particles, and (■, ■) is the Dirac quantization pairing; the 
arrow is oriented by the sign of (q±, q 2 ). For G = SU(iV) this was already known in [13]; our 
analysis in section 12.21 can be thought of as an elementary confirmation of this statement 



Any simply-laced Dynkin diagram is bipartite; let us color the nodes accordingly with 
white and black. Then the particles corresponding to the white nodes are mutually local, 
and similarly for the particles corresponding to the black nodes. Let us say that the number 
of black nodes is not larger than the number of white nodes. Let us then take the basis of 
U(l) charges such that the z-th black node has the magnetic charge ^ under the j-th U(l) 
and no electric charges. Then the z-th white node has the electric charge +1 under j-th 
U(l) charge if the z-th white node and the j-th black node are connected, and neutral under 
the j-th U(l) otherwise. This procedure easily reproduces the tables of charges in tables [TJ 
|2j |3l and HJ This also makes it manifest that the enhancement of the flavor symmetry to 
SU(3) is only possible when G = D 4 . 

The only thing that our analysis in section [2] adds to this picture is the direct construction 
from the Seiberg-Witten curve that of a locus on the Coulomb branch where the BPS states 
corresponding to the white modes are massless while those corresponding to the black nodes 
are massive. To do this it was crucial that we could deform away from the superconformal 



for G = SO(2n). 
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Figure 5: 3d mirrors of the A 2 k-i and D 2 k theories. 



point by turning on the relevant Cj couplings (II. lft . 

Assuming that the BPS spectrum of the superconformal points of E n SYM theory, first 
studied in [I], is given by the Dynkin diagram, we can immediately find the table of U(l) 
charges of mutually local particles. We do not have Higgs branches for E$ and Eg, while 
we have a one-dimensional Higgs branch for E 7 . This also is in accord with the spectrum 
of scaling dimensions of these theories, because there is no dimension-one operator when 
G = £>6,8> while there is one dimension-one operator when G = E 7 . 

4.2 Using the 3d mirror 

In the mathematical works [22l 123] , it was shown that the 3d Coulomb branch of a wild 
quiver gauge theory (in the sense of [7j) compactified on S 1 of radius R is given, in the limit 
R — > 0, by the Higgs branch of another non-wild quiver gauge theory. In section 6 of [12J, 
this non-wild quiver gauge theory was interpreted as the 3d mirror of the S 1 compactification 
of the wild quiver gauge theory. Then, some properties of the Higgs branches of the original 
theory are visible using the Coulomb branch of the 3d mirror, see figure |5j In the figure, 
a gray node stands for a U(l) gauge group, and a line between two nodes corresponds to 
a bifundamental hypermultiplet; the overall U(l) is decoupled and to be removed. We see 
that there is a one-dimensional Higgs branch when G = A 2 k-i, and a two-dimensional Higgs 
branch when G = D 2 k- 

The flavor symmetry enhancement on the Coulomb branch side of a quiver was studied 
in [21]; the rule of thumb is that the set of nodes corresponding to a U(iV) group coupled 
to precisely 2n fundamentals, together with the edges among them, forms a finite or affine 
Dynkin diagram V . Then the flavor symmetry enhancement is given by the type of V. In 
our case all the nodes correspond to U(l) groups, so N = 1. We then easily see that for 
G = A 3 we have SU(2) flavor symmetry, while for other G = A 2 k-\ we just have U(l) 
flavor symmetry. We also see that G = D4 we have SU(3) flavor symmetry, while for other 
G = D 2 k we just have SU(2) x U(l) flavor symmetry. Note that this method explains only 
the flavor symmetry enhancement, and we have supplied a U(l) to the generic A 2 k-i and 
D 2 k cases because the ranks of the flavor symmetries are always one and two respectively. 
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